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equations. A closed-form solution can be obtained if Eq. (4) is
treated as a singular perturbation problem where the limiting
form of the equation is obtained through the use of the following
transformations :

and fj =
Dividing the resulting equation by
large ft gives

and taking the limit for

where a = ft/\ft\. This equation can be integrated twice in closed
form using the boundary conditions that as rj->co, G'-»0,
G" -» 0, and fj = 0, G = 1 to give (note that ABa = \B\):

G' = 3B[tanh2{(|B|/2)1/2// + tanh-1 [(iB + l)]1/2}-l] (5)
where B <; — ̂  and G' > 0. Equation (5) is a generalization of the
converging channel flow problem8 (B = — 1 ) to include the
moving wall situation. The B = — 3 limit agrees with the results
of Steiger and Chen and has the following velocity distribution

G'= l-tanh2|J7/(6)1/2]

Algebraic Decay Solutions
The limiting cases at B = -£, ft = - oo, and B = 0, ft = - 1

are connected by a set of solutions involving asymptotic algebraic
decay of G' with fj. The asymptotic form of G' at large rj with
AB < 0 and ft < 0 can be written as (following techniques
discussed in Ref. 9) :

These solutions have infinite displacement thicknesses for ft ̂
— ̂  but are well behaved for smaller ft. For — 1 > ft > —\ the
solutions are difficult to numerically compute because of the large
algebraic tail. Solutions were obtained at ft = —1.1, — 1.5, and
- 2.0 over a range of B and were used to determine the value of
B for G"(0) = 0 by interpolation ; the results are shown in Fig. 1 .

Limit uw = ue

The fact that the wakelike solutions (B < — 1 ) or the jetlike
solutions (B > 0) have a limiting point at B = +00 and ft = — -j
has been recognized by other investigators. At that point uw = ue
and thus u = ue throughout the boundary layer so long as G' is
finite. Although the velocity distributions are degenerate, the
limiting case may have some interest. If the limiting case is
considered as a singular perturbation problem where the
singularity is removed by the transformations

and
one finds that the equation for
approximation, i.e.,

r\ =
is identical to the large

''-2/?F = 0,
A series solution of the following form can be assumed:

F' = Kri

(6)

) I Pn/m"
n= 1

The result, which has been derived in Ref. 7, has special
properties at certain values of ft given by

/?„= -(2w-l)/2, n = 1 , 2 , 3 , . . .
The series then reduces to a finite number of terms and can be
made to satisfy the inner as well as outer boundary conditions.
Some of these solutions are given in Table 1.

Table 1 Limiting solutions for F"(0) = 0

l - > 7 i 2 ) e x p ( - > h 2 / 2 )

The n = 2 case corresponds to the limiting case for a Libby-Liu10

family of solutions with boundary-layer velocity overshoot. The
G"(0) = 0 solutions for this family are indicated as a dashed line
in Fig. 1 because the B = — 1 point is the only other value
currently available. Higher ns correspond to the larger negative
ft families whose existence was noted by Libby-Liu.10 Solutions
to Eq. (6) may be obtained for any ft by numerical integration;
however, G"(0) is infinite for all ft (except at ftn) because
G"(0) = (\AB\)l'2F"(Q). These results for the limiting case may be
used to determine the large B approximations in a perturbation
series approach similar to that used by Mirels1 1 for ft = 0; one
has

Gft.B) =
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Inverse Relationships in Equilibrium
Statistical Thermodynamics
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I. Introduction

EMPIRICAL (sometimes called classical or phenomeno-
logical) thermodynamics provides relationships among

physical quantities. Statistical thermodynamics provides
methods of calculating the physical quantities within the frame-
work of specified atomic models. Such relationships may be
called direct relationships. It is usually rather difficult to go in the
opposite direction, namely to determine a specific model from
a series of measured values of some physical quantity. The
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Fig. 1 Partition function of argon gas as a function of temperature
and pressure.

measured quantity is usually consistent with more than one
atomic model. Relationships which give the atomic model in
terms of the measured ther mo dynamic quantities may be called
inverse relationships. Many times, the forward direction is a
smoothing process, whereas the reverse is not. Under such
circumstances information is lost in inverse relationships. The
purpose of this present Note is to examine some inverse
relationships in which the reliability and accuracy are the same
as in the direct relationships of statistical thermodynamics.

In statistical thermodynamics, the concept of partition function
plays a central conceptual role. In principle it can be calculated
from quantum mechanical considerations. Once the partition
function is calculated, all other thermodynamic properties can
be obtained from it. If, however, the partition function is
measured, it is possible to make some remarks about the kind
of quantum mechanical system which is involved. One cannot
determine the microscopic system uniquely; nevertheless some
possibilities can be ruled out.

Surprising as it seems, no listing of an experimentally
determined partition function could be found. Most experi-
mentalists are interested in other thermodynamic properties such
as free energy and also pressure-volume data. These latter
measurements are required in a determination of the
partition function. Since the practical value of having a partition
function is to obtain an easy excess to the other properties,
tabulations of the partition function are not made.

We are interested in having an experimentally determined
partition function for three reasons: 1) to find an analytical form
and compare it with theory, 2) to find out something about the
microscopic system, and 3) to find an analytical expression for
the equation of state of the system in question.

We have chosen argon gas as the system to be investigated.
It has the advantage of being a monatomic gas without the
complicated quantum effects associated with helium. The data
used in our calculations were reported by F. Din1 and covered
the temperature range from 110°K to 500°K and pressures from
1-2000 atm.

The partition function for one particle can be written in one
of two ways as shown immediately below, viz.,2

Et (1)
or

(2)

It has been demonstrated over and over that it is useful to
write the partition function Z for a system of N particles as

Z = ZtrZc (3)
where Zrr is the translational part and Zc is the configurational
part. Since Ztr is known, our method provides an indirect way
of calculating Zc, which will be written out more explicitly
shortly.

II. Configuration Integral
First we note that for N nonlocalized particles

*-* exp[-

which can be simplified to

, q)] dpi

_
finjtfj

(4)

(5)

where
Ze = J J - J <

This configurational partition function can be calculated in
principle. For our purposes, it is convenient to define a new
function /(/?,/?) in terms of the numerical value of Zc. We
write3

For a system of N nonlocalized and independent particles, the
total partition function Z can be written in terms of / as
follows:

(8)

where E is the total energy of the particle.

The thermodynamic function, Helmholtz free energy A, can be
expressed in terms of Z in a simple fashion, namely
A = -/eTlnZ = -kT\n(fN/Nl) = -NkT\nf+kT\nN\ (9)
If we make use of one form of Stirling's approximation for large
factorials, i.e., In AM « N In N — N, we find that

f— \T -pA/N nc\\j = JM e (L(j)
Equation (10) has been used in calculating Z in this present Note
from the given Helmholtz free energy data.

III. Partition Function and Temperature
Some of the calculated logarithms of the partition functions

(In/) as a function of In/?, are shown in Fig. 1. The correspond-
ing translational partition functions are shown for comparison.
In Fig. 1, we see that In/ as a function of In/? for 1 and 5 atm,
has a continuously turning tangent always concave to the hori-
zontal axis. The curves are for pressures from 1-2000 atm. In all
cases, the translational partition function is a straight line with
slope — |; the temperature dependence of the volume has been
utilized. It is well-known that the translational partition function
/ is written as

ft(P)= re-^gi(8)ds = (^} ' V (11)
Jo \h2PJ

/(/?) is the Laplace transform of the density of states function
g^s) and (of course) g^s) is the inverse transform of the parti-
tion function, and e is the kinetic energy. Equation (11) is the basis
of a fundamental inverse relationship in statistical thermo-
dynamics. If one knows the Laplace transform [i.e., /(/?)], then
gfj(e) is easily obtained.

In the case of 10 atm, we see essentially the same behavior as
for 1 and 5 atm. In / for p = 20 atm changes from a concave
downward function to a concave upward function at In/?
approximately equal to 13.7. For p = 60, 100, and 120 atm,
respectively, the curves show somewhat similar behavior to the
curves as low atmospheres; however, they become more like
straight lines. The trend is completed for p = 500 atm and
p = 2000 atm.

Somewhat different aspects of this behavior as well as some
interpretation of the microscopic behavior will be given in the
succeeding paragraphs.
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Fig. 2 Ratio of the actual partition function to translation partition
function as a function of temperature.

We have used the experimental data to evaluate /, and hence
fc indirectly. We can define fc(fi, p) as

1 I I" / • » _ . , X "I » H\IJ > / 1 ^ \

where the right-hand side is known. In Eq. (12), Uc(r) is the
effective potential which one particle sees as the result of its
interaction with all of the other particles.3 Some of the results
are shown in Figs. 2 and 3. In Fig. 2, we see that the general
trend is for fc(j$, p) to increase with decreasing ft; in the limit of
P approaching zero, /c(/f, p) becomes equal to the volume of the
container. If the function Uc(r) is negative, then we would expect

fc(P> P) to be a decreasing function with decreasing /?. Since it is
an increasing function as ft decreases, this means that in the
range of temperatures and pressures studied, the influence of the
repulsive part of the potential dominates that of the attractive
part.

Robinson4 has calculated integrals of the type given mfc(p, p)
in connection with another problem where the potential function
was the Lennard-Jones potential. The general integral was of the
form

(13)

where V(r) = 4e[(<7/r)12-(a/r)]6 and (a/rf = r. It was found out
that /(x.e/f) is not a monotone function of e/i In general, it is
a decreasing function of s/3, but for some ranges of the parameter
x and of sp, important in the present problem, /(x, £/?) can
increase with increasing e/j. In view of the preceding type of
behavior, one can account for trends shown in all of the figures.

The behavior of fc(fi, p) with pressure, shown in Fig. 3, is not
so simple however. In the low temperature range, fc remains
constant and then decreases as the pressure is increased, up to a
certain point. Beyond this point, fc increases with increasing
pressure. We see from Fig. 3 that the phenomenon just
described occurs in the temperature range from 100°K to about
170°K. At 180°K, the minimum has almost disappeared. At
higher temperatures fc is essentially independent of the pressure.
The different behaviors of the integral and the volume with
pressure can account for the appearance of the curves in Fig. 3.
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Fig. 3 Ratio of the actual partition function to translation partition
function as a function of pressure.

A relatively simple analytical form for the configurational
integral fc can be obtained from curve fitting. The results shown
in Fig. 1 can be represented as

i = d ^Uoexp[-{C2(lnft,//02}] (14)

where CA and C2 are positive constant, and u0 and p0 may
depend on pressure. If C2 = 0, and u0 > 0, then we have the
van der Waals case.

We would not expect that the partition function for argon
in the temperature and pressure range under discussion to be
that of a perfect gas. It is perhaps surprising that the partition
function deviates significantly from the trend of a van der Waals
gas. The opposite behavior is shown. The partition function for
a van der Waals gas is larger than that of the perfect gas in that
in Eq. (7) u0 > 0 and C2 = 0. The actual partition function, as
determined from the experiments is smaller than that of a perfect
gas.

IV. Density of States Function for both Kinetic and
Potential Energy

We have been able to evaluate the integral in Eq. (6) [strictly
speaking, Eq. (12)] from experimental data. The emphasis is now
shifted from evaluating an integral to the solution of an integral
equation. Although insufficient data exist for the complete
solution of the equation, we shall make some pertinent remarks.
The integral

can be written as

InEq. (16)

from which
x = Uc(r)

> =F(x)

(15)

(16)

(17)

(18)

and r2 dr = [F(x)]2(dF/dx)dx. Equation (18) means that r is
obtained from inverting (the significance of the — 1 exponent)
or solving Eq. (17). Finally we can replace the dummy index x
in Eq. (16) by u (i.e., potential energy) and get

'' dr = I e~liu g2(u)du
J o

(19)

where g2(w), an effective density of states function for potential
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energyj From Eq. (16), it is evident that g2(u) = 47r[F(x)]2 x
dF(x)/dx.

In principle, the expression g2(u) given in Eq. (20) can now be
found. We combine Eqs. (14) and (19) and obtain

rJo
e-'"g2(u)du = (20)

The inverse transform of the right-hand side of Eq. (20) is g2(u\
Equations (11) and (19), separately, do not reveal the complete

picture. These two equations are connected through Eq. (4);
hence the concept of the convolution in Laplace transform theory
is pertinent. The product of the two Laplace transforms given
in Eqs. (11) and (19) will be called L^) and L2(ft\ respec-
tively. From Laplace transform theory,5 we have

-fv'TJo Jo
gi(E-u)g2(u)dudE (21)

where E = s + u. We see that the density of states for a combina-
tion of potential and kinetic energy g(s, u) is not gi(e)g2(u) but
rather

p9(£, u) =
Jo

gl(E-u)g2(u)du= gi(e)g2(u)du =

(22)

At this time, we shall not attempt to evaluate g2(u) for argon
from the data. We would like to indicate that it can be evaluated
from Eqs. (19) and (20). No simple inverse transform of the
right-hand side of Eq. (20) is known.

V. Conclusions
In order to utilize inverse relationships, we have determined

an analytical form for the partition function for argon gas in
the temperature and pressure ranges already specified.
Apparently this is the first such listing of an experimental
partition function. We find that the partition function for a
van der Waals gas inadequate to represent the data. The results
tell us that the intermolecular potential for argon gas has a
strong repulsive part in the temperature and pressure range
under investigation. The equation of state for argon would not
reveal the above aspect of the microscopic system. The equation
of state could be essentially van der Waals, with the energy
aspects of argon being quite different.

The particle partition function is
/ - (2nm/h2p)312 Vf^C1 exp [ - C2(ln &,/£)2] (23)

which gives the following expression for the equation of state
pVf ( I dx d r , }
T^= ^/ 17 + ̂ ^ + ̂ >^1exp[-C2(ln^)2]] (24)kT dV

The first two terms in the braces constitute the expression
for the van der Waals equation of state. If the third term is
small, then the equation of state for argon gas is like a van der
Waals gas. We did not attempt to investigate the volume (or
pressure) dependence of the parameters shown in Eq. (24) and
hence can make no remarks in this regard.
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New Diagnostic Technique for the
Study of Turbulent Boundary-Layer

Separation

C. C. HORSTMAN* AND F. K. OWENf
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TURBULENT separated flows occur in many types of
engineering configurations. They may be unintentional

features of some classes of equipment or they may be deliberately
introduced. But in all cases such flows can have a significant
effect on engineering performance. Furthermore, additional
complications are added by the unsteady aspects of the turbulent
boundary-layer separation and reattachment processes. Despite
the fact that these flows have been extensively studied, detailed
information regarding the unsteady nature of turbulent separa-
tion is practically nonexistent for high-speed compressible flows.
Conventional "time averaged" measurements such as surface
pressure, skin-friction, heat-transfer, and pitot pressure surveys
cannot supply this information. In this Note, a diagnostic
technique is described which provides basic information of the
significant unsteady character of turbulent boundary-layer
separation. In this technique, thin platinum films are mounted
flush with the model surface, and the fluctuating voltages from
these films provide measurements related to the flow character
above the film. Results are presented for a hypersonic shock-
wave turbulent-boundary-layer interaction with and without
separation.

The investigation was conducted in the Ames 3.5-ft hypersonic
wind tunnel. In this facility, high-pressure heated air flows
through the 1.067-m-diam test section to low-pressure spheres.
The nominal freestream test conditions were at Mach number
7.2, total pressure of 33 atm, and total temperature equal to
667°K. The test model consisted of a cone-ogive-cylinder, 3-m
long and 0.203 m in diameter, with an annular shock wave
generator, 0.51 m diam, mounted concentric with the model. The
wedge angles of the shock-wave generator were varied from 7.5°
to 15° providing a range of shock-wave strengths giving both
attached and separated shock-wave boundary-layer interaction
flows. The generator was also movable along the cone-ogive-
cylinder axis so that the entire interaction region could be
passed over a single measurement station on the model.
Previous test results1 without the generator have established the
existence of a fully developed, self-similar turbulent boundary
layer with negligible pressure gradient from 100 to 300 cm from
the model tip. The present measurements were obtained between
180 and 200 cm from the model tip. The measured boundary-
layer parameters prior to shock impingement were approxi-
mately: edge Mach number of 6.9, boundary-layer thickness of
2.7 cm, Reynolds number based on boundary-layer thickness of
0.2 x 106. The model wall temperature was 310°K. The unsteady
aspects of the separated flow region was investigated using thin
platinum films deposited on a pyrex glass substrate and mounted
flush with the model surface. Gage construction and constant
temperature operation were identical to that described in Refs.
2 and 3. The upper frequency limit ( — 3 db) of the gages, as
determined by the conventional square wave technique, was
40 kHz although significant correlations were obtained at
frequencies above 65 kHz.

Two typical variations of the rms thin-film voltage fluctuations
through the shock-wave boundary-layer interaction region are
shown in Fig. 1. Also indicated are the measured pressure
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